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Abstract-Numerical solutions have been obtained for flat plate compressible turbulent boundary layers 
ofair with foreign gas injection, on the hypothesis that the momentum equation is coupled to the species and 
energy equations only through spatial variations of the mean density and viscosity. The finite difference 
calculation procedure incorporates the “w*” transformation with central differencing. The injected species 
include H,, He, CH,, H,O, CO, Air, CO,, Freon 12, Xe and Ccl,; temperature ratios TJT, range from 
0.2 to 2.0 while the Mach numbers range from 0 to 6. Thermodynamic properties are estimated allowing for 
variable specific heats; for the transport properties, kinetic theory with the Lennard-Jones potential is used. 
Thermal diffusion and diffusional conduction are ignored. Eddy viscosity models for the inner region were 
evaluated by comparison with experimental data for blown constant property flows, and a “best” model 
selected for the parametric calculations. The turbulent Schmidt and Prandtl numbers were taken as con- 
stants, respectively 0.8 and 0.9. Theresults show the important role played by density variations across the 
boundary layer; the mass and heat transfer Stanton numbers for the heaviest injectants actually increase 
with injection, and the light injectants are found to be more effective in reducing skin friction and heat 
transfer than experimental data indicate. Agreement with experiment for low speed flows is shown to be 
generally satisfactory; also, the predicted influence of Mach number on skin friction is found to be consistent 

with experiment. 
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NOMENCLATURE 

Van Driest constant, equation (17); 
skin friction blowing parameter = 
2FjC;; 
heat transfer blowing parameter z 
FjSt;; 
mass transfer blowing parameter - 
FjSt;; 

P&ffiP& 

skin friction coefficient E 2z,jp,u,2; 
specific heat ; 
damping factor: equation (16); 
binary diffusion coefficient; 
E rclip,u,; 
species diffusion flux ; 
von K Arm&n constant, equation (15); 
thermal conductivity; 

t Computer time for the numerical calculations was 
supplied by the Campus Computing Network of the Univer- 
sity of California, Los Angeles. 

1 Presently at San Fernando Valley State College, School 
of Engineering, Northridge, California. 
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Prandtl’s mixing length; 
Mach number, and molecular weight; 
mass fraction ; 
mass transfer rate; 
Prandtl number = C&k; 
conductive heat flux; 
Reynolds number based on length from 
leading edge; 
Reynolds number based on momentum 
thickness; 
universal gas constant; 
Schmidt number 5 pipS@,,; 

heat transfer Stanton number, 

4JP$d~e - u 
mass transfer Stanton number, 

Liw&l.s - ml.,); 
temperature; 
velocity components; 
dimensionless normal velocity 
3 viJ(zgp); 
streamwise and normal coordinates, 
respectively: 
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dimensionless normal coordinate z 

Y&dP)/v; 
boundary layer thickness; 
maximum attractive energy between 
two molecules; 
eddy diffusivity of momentum; 
momentum thickness: 
Boltzman constant; 
dynamic viscosity; 
kinematic viscosity; 
collision diameter; 
defined by equation (9); 
density: 
shear stress; 
generalized dependent variable, equa- 
tion (9); 
stream function; 
defined by w2 = ($ - $,)j(r+QE - $r). 

Subscripts 

a, value of y defined by equation (20); 

E, outer edge ot bomrdary layer; 

e, free stream; 

es, fluid of free stream composition at the 
surface temperature; 

e& effective 3 molecular + turbulent; 
1, inner edge of boundary layer: 
i, chemical species i, and i’th node across 

boundary layer: 

s, surface; 

t, turbulent; 
1, 2, injected and free stream species, respec- 

tively. 
Superscripts 

* 3 zero injection value; 

2 explicit evaluation, i.e. at the upstream 
station. 

INTRODUCTION 

THE CALCULATION of turbulent boundary layers 
with foreign gas injection finds many applica- 
tions in engineering practice. Specific problems 
of current interest include transpiration, ablative 
and film cooling; more generally the problem 
area includes a great variety of vaporization and 

combustion processes. Of primary concern is 
the reduction, due to mass injection, of the wall 
shear stress, the mass transfer conductance, and 
the heat transfer rate. The problem parameters 
are many: Reynolds number, Mach number, 
temperature ratio, temperature level, injectant 
distribution and the injectant gas species. Even 
the turbulence model, and its associated 
empirical constants, must be viewed as para- 
meters to be varied. 

Jeromin [I] has recently published a compre- 
hensive evaluation of the status (1966) of 
research into turbulent boundary layers with 
gas injection. An examination of his compari- 
sons between theoretical predictions and experi- 
mental data for foreign gas injection suggests 
that one can have confidence in neither theory 
nor experiment for engineering use. The most 
notable predictive theories are those developed 
by Spalding, Auslander and Sundaram in 1964 
[2], Ness in 1961 [3], and Rubesin and Pappas 
in 1958 [4]. The lack of any significant further 
theoretical development has been due to (i) the 
lack of an exact solution procedure for the 
governing equations, (ii) the large amount of 
empirical input required owing to poor under- 
standmg of turbulent transport mechanisms, 
and (iii) the paucity of reliable experimental 
data which would assist validation. 

The art of predicting general turbulent bound- 
ary layers has advanced rapidly with the 
development of efficient finite difference pro- 
cedures for the solution of the time averaged 
turbulent boundary layer equations; the most 
influential contribution was undoubtedly the 
book and computer program published by 
Patankar and Spalding in 1967 [S]. Thus there 
are now available the required exact solution 
procedures, and the first of the above mentioned 
obstacles to progress on the foreign gas injection 
problem can be removed. Of particular signifi- 
cance is that the finite difference approach 
allows the variable thermophysical properties 
characteristic of binary mixtures to be included, 
for it is easy to calculate exactly the mixture 
properties at each node point. Also, it becomes 
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feasible to systematically evaluate the conse- 
quences of physical hypotheses and empirical 
constants relating to the turbulent transport 
model; in this manner the critical features of a 
particular model can be readily identified. 

The general objective of our study was to 
develop a calculation method suitable for both 
research and engineering design purposes. The 
path we followed is outlined below. 

1. The overall complexity of calculating 
binary turbulent boundary layers made it 
necessary to expend considerable effort to 
explore and improve existing numerical pro- 
cedures, until predetermined accuracy criteria 
could be reliably met within an acceptable 
computing cost. Our numerical procedure and 
final computer program have a number of 
innovations of utility for foreign gas injection, 
as well as for the calculation of turbulent 
boundary layers in general. Particularly note- 
worthy is the use of the “ran” transfo~ation 
[6, 73 with central difference coefficients in the 
finite difference analogs. 

2. Various eddy diffusivity models which 
account for mass transfer in constant property 
boundary layers were evaluated by making 
comparisons with experimental data for air into 
air injection. The experimental results most 
heavily relied upon were the skin friction data 
of Simpson et al. [S] and McQuaid [9], and the 
heat transfer data of Moffat and Kays [lOJ. 
A “best” model was selected for the purposes 
of making parametric studies. 

3. Compressible turbulent boundary layers 
with foreign gas injection were calculated on the 
hypothesis that the momentum equation is 
coupled to the species and energy equations only 
through spatial variations of the mean density 
and viscosity. The significant trends exhibited 
by the results were explained in terms of features 
of the eddy diffusivity model and by comparison 
with exact solutions of binary laminar boundary 
layers. The critical role played by density 
variation was validated by performmg calcula- 
tions with synthetic injectants, and through 
comparisons with established results for the 

effect of wall cooling on unblown compressible 
boundary layers. 

4. Comparisons were made with experimental 
data for low speed flows, and adequate agree- 
ment was shown. For high speed flows the effect 
of Mach number on skin friction was examined 
in detail; it was found necessary to carefully 
account for the effect of wall to free stream ratio 
in order to resolve apparent anomalies in the 
experimental data. 

In our view the contribution of the present 
study is that we have taken the hypotheses of 
established validity for constant property and 
compressible boundary layers, and demon- 
strated their implications for foreign gas injec- 
tion. Our results presented here are of use for 
simple engineering estimates. Furthermore, 
many engineering problems involve complicat- 
ing factors such as nonuniform injection distri- 
bution or a streamwise pressure gradient. These 
problems require direct use of a calculation 
procedure similar to the present one; our results 
show the gross features to be expected when 
such flows are calculated. 

ANALYSIS AND NUMERICAL PROCEDURE 

Analysis 
The conservation equations for steady 

turbulent boundary layer flow along a flat plate 
of an inert binary gas mixture may be written 
mass : 

momentum : 

species: 

energy : 

(1) 

(21 

(3) 
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where we have ignored thermal diffusion and 
diffusional conduction. The viscous dissipation 
term in equation (4) assumes that convection 
and diffusion of turbulent kinetic energy are 
negligible, i.e. the dissipation is equal to the 
local production. The effective transport co- 
efficients are defined by the relations 

/%ff = F + w&f (5) 

Pen _=“+!c$!:~~=‘_+!$f, 
kff SC I Pr t 

(6) 
eff 

The boundary conditions imposed on the set of 
equations are 

y = 0; .# = 0; pr& = ti; 

where 

A = - (d$,jdx)jA$; 

B = - (d$,jdx - d$,jdx)jA$, 

and 

C = (/.+&,rr) ~~i2~A~ ‘. 

The source term S is zero for the momentum 
and species equations, and for the energy 
equation is given by 

The general conservation equation, equation 
(9), was approximated in finite difference form as 

2cu 4i - 4% + (5’ + B’o?) 
i Ax vi + ‘i+l 

y+co;ra-+u,;m,-,O;T+T,. 

_I 

I 
(8) 

Initiai conditions will be discussed later, in 

= riz(l - m,.,); T = T, 

connection with the numerical procedure. 

(7) 
s 

c ;(oi+, 
r+ I 

- #if + + (#i - c6i- I) 
1 

2 [(‘i+\+ ii)(“i,i+, +i) _ 

vi + vi+l 
The finite difference analog to the partial 

differential equations evolved from a procedure 
originahy proposed by Patankar and Spalding 
[5]. For this purpose it is required to effect a 
transformation of the independent variables, 
x, y to x, 0. We use an improved transformation 
which was developed in [6] and [7], wherein w 
is defined by the relation 

Subscripts I and E denote, respectively, the 
inner and outer edges of the boundary layer. 
Equations (2)-(4) transform into the general 
form 

_ (C +~-l)(#i ;~i-~)] + $ (Il) 

where primes denote explicit evaluation, and 
Vi = oi - wi_,, Vi+, = wi+, - q. Equation 
(11) was cast in the form 

cpi = A,#i+t +Bi&l + c;; i = 2,3,...,N 

(12) 

which is solved for the 4:s using an efficient 
tridiagonal matrix elimination algorithm. Treat- 
ment of Dirichlet type boundary conditions is 
straightfo~ard since the dependent variable is 
specified at nodes l(w = 0) and N + 1 (o = 1). 
For the mixed boundary condition at the wall 
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for the species equation, the gradient &#@o was 
expressed in terms of 4i, & and & using a 
second order forward difference interpolating 
polynomial. The boundary condition then 
assumes the form 

& = a& + 843 + Y (13) 

which is used to eliminate the unknown 4r, 
from the set, equation (12), when i = 2. Wall 
gradients of the dependent variables were ex- 
tracted directly in the w-plane using the relation 

with second order polynomial fits of u and 4 in 
terms of values at nodes 1, 2 and 3. To verify 
computational accuracy, the skin friction was 
also computed using the momentum integral 
equation. Other features of the finite difference 
procedure closely follow Patankar and Spalding 
[S]; further details may be found in [ 111. Initial 
conditions, in the form of starting profiles for the 
dependent variables, are obtained from a 
numerical solution of the Couette flow approxi- 
mation to the governing equations. The width 
of the Couette flow layer was adjusted until the 
momentum thickness matched that of a corres- 
ponding blown boundary layer. 

Not less than 100 node points were distri- 
buted across the boundary layer, with a higher 
density near the wall. Although smaller forward 
steps were used for many calculations, a step 
size of Ax = 6 was found to yield sufficient 
accuracy, with a significant decrease in computer 
time. All computations were made on an IBM 
3601’91 computer with a FORTRAN-H com- 
piler; 8.7 s of computer time were required to 
march from Re, = 2 x 10’ to 10’ (about 150 
marching steps) with 100 cross-stream nodes. 

Thermophysical properties 
Species specific heats were taken from [12], 

except for H, [13] and Freon 12 [14]. Mixture 
values of the thermodynamic properties were 

calculated assuming ideal gas laws. Species 
transport properties were calculated according 
to the kinetic theory of gases with the Lennard- 
Jones interaction potential; parameters were 
taken from [ 121, except for Freon 12 [15]. Mix- 
ture transport properties were estimated using 
Wilke’s mixing rule, as described in [16]. 
Table 1 lists representative property values. 

TURBULENT TRANSPORT MODELS 

In deriving the conservation equations, the 
second order correlations of fluctuating com- 
ponents were eliminated by introducing the 
eddy diffusivities of momentum, species and 
heat. The eddy diffusivities of species and heat 
were further eliminated in favor of the turbulent 
Schmidt and Prandtl numbers. Our purpose here 
is to discuss the selection of models for Ed, SC, 
and Pr, appropriate to flows with mass injection. 
In modeling tM it is customary to divide the 
flow into two regions; an inner region where 
turbulent transport is dominated by the presence 
of the wall, and an outer wake-like region. 
Reliable description of the turbulent transport 
in the inner region is more important since 
most of the change in the dependent variables 
takes place there. 

Models for +,, 
We are concerned only with models which are 

continuous across the inner region; the earlier 
two-layer models [3, 41 have a physically un- 
realistic sharp discontinuity in tM at the edge of 
the laminar sub-layer, and also have been 
rendered obsolete by the use of finite difference 
solution procedures. Of the available models, the 
most significant are those of Patankar-Spalding 
[S], Cebeci [ 171, Kinney-Sparrow [ 181 and 
Powell-Strong [19]. For the unblown case 
each of these models becomes essentially 
Prandtl’s mixing length model modified by 
van Driest’s damping factor near the wall, 

(15) 
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Tab/e 1. ‘Thermodynamic and transpori properties ofthe injected gases at 295 K 

Species 
M 

M _--. 
Mair 

N2 
He 
CH, 

H*O 
CO 
Air 

CO, 
Freon-12 
Xe 
CCI, 

._~ 

2.016 0.0696 
4-003 0.1382 

16.04 o-5537 
18-02 O-6220 
28.01 0.9669 
28.97 1~000 
44.0 1 1.519 

120.9 4,174 
131.3 4.532 
153.8 5.310 

f 4.29 0.481 
5-18 I.10 
2.17 Oh06 
I.87 0.592 
1.03 0.959 
1m Ia 
0.832 0.82 I 
0,592 0.676 
0,158 I.250 
0.538 0.531 

6.88 @206 
5.90 O-219 
1.30 0.705 
I-IO 0.726 
0.989 0.763 
1 .oo 0.760 
067 I.00 
0.379 1.65 
0,204 1.24 
0.269 2.06 

with Y+ 35 y,/(z,jp)jv. The effects of blowing are 
accounted for by modifications of the exponent 
in the damping factor, which for all the models 
has the general form 

integrating to y, with z = z, at y = 0 gives 

DF = 1 - exp( -y/A). (16) 

The exponent y/A can be non-dimensionaliz~ 
with the local shear stress as 

Y Y&/NV YJ(%hw -_= e-= 
A A&idiv A&4/v 

Yf 
A&jp)jv 

(17) 

Reduction to the van Driest expression for the 
unblown case, yjA = y’/26, can be ensured by 
setting A,/(r/p)/v = 26, yielding 

DF= 1 -exp(-g/E), (18) 

which is the expression recommended by 
Patankar and Spalding. The Cebeci model 
differs from the Patankar-SpaIding model only 
in that the exponent y/A is non-dimensionahzed 
with the shear stress at the edge of the laminar 
sub-layer, taken to be at y+ = 114% This model 
is usually presented in a form derived from a 
Couette flow approximation for rjr, in the near 
wall region. The momentum equation is written 

- = exp flssl[rt =3. exp (y,’ us+). 
G 

7, i > V 
(19) 

Substituting in equation (18) gives the damping 
factor as 

- $ Jexp(y,+u:) , (20) 

and with y,’ = 11.8 

DF= 1 -exp Y' -2X /exp(f 1.8 0:) ,, 
> 

. (21) 

The Kinney-Sparrow and Powell-Strong 
models are extensions of the van Driest damping 
factor obtained by re-sotving the Stoke’s flow 
problem including mass transfer through the 
plate. In this formulation, the damping of the 
velocity field produced by an oscillating plate, 
through which mass is flowing, is determined by 
solving the time-dependent momentum 
equation. 

f3.4 I% d’u 
T& 4 vs7- = v,2 

OY OY 

subject to the boundary condition u = U~COSW~ 
at the plate surface. Transposing the solution of 
this problem to the case of a stationary plate 
with an oscillating fluid, following the argument 
of van Driest, yields the Kinney-Sorrow 
damping factor. The Powell-Strong model in- 
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corporates additional empirical adjustment 
based on experimental data 

Turning now to the wake region, the mixing 
length expression proposed by Simpson [21] 

Klebanoff [23], and the blown data of Simpson 
[8]. The dividing line between the inner and 
outer regions is determined by requiring that 
tiM be continuous. 

Since all models reduce to the same expression 
for the unblown case, comparison with unblown 
experimental data was utilized to select von 
Karman’s constant K. The wall shear stress was 
calculated for incompressible flow with two 
often used values of K: 0.4 and 0.435, and also 
following Simpson [21], i.e. K = @4 for 
Re, 2 6000 and K = 0.4 (Re@MO)-* for 
Reo -c 6000. The comparison wti the unblown 

(22) 

is probably the most appropriate for blown flat 
plate boundary layers. This expression is a 
little different to that of Escudier [22], which was 
recommended by Patankar and Spalding [S]; 
as shown by Simpson it provides a better tit to 
both the unblown experimental data of 

0 - Wieghardt data 1241 

0 - Simpson data 181 

3 

-i 

‘e--_ 
"0 

K from Simpson 1211 

x 

", 2 
s 

1 I I L I II1Il I I I , 

1 .2 .5 1 2 5 

Rex x 10 
-6 

FIG. la. Skin friction coefficient: comparison of predictions for various values of K with data for 
constant property unblown flows. 

o - Reynolds, Kayr, and Kline [271 

,001 . 1 I I 1,111 I I 
.l .2 .5 1 2 5 

Re, x 10-6 

FIG. lb. Heat transfer Stanton number: comparison of predictions for various values of Pr, with 
the constant property unblown data of Reynolds, Kays and Kline [27]. 
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data of Wieghardt [24] and Simpson [S] in Fig. 
la shows best agreement for K = 0.435. Use of 
K = O-4 underpredicts shear stress by about 15 
per cent, while Simpson’s prescription gives an 
unacceptable trend with Rex, overpredicting 
at small Rex and underpredicting for Rex > 106. 
Computed values of the shape factor and 
momentum thickness with K = 0.435 were 
found to be in excellent agreement with Wieg- 
hardt’s data [l 11. 

Models,for Pr, and SC, 
In [l l] is an evaluation of the literature on the 

turbulent Prandtl number, including the recent 
studies of Blom [25], and Simpson et al. [26]. 
Of particular significance is that Simpson’s data 
shows no discernible effect of blowing rate on 
Pr,; thus unblown experimental data for Pr, can 
be used to establish a model valid for the calcula- 
tion of blown boundary layers. Calculations of 
unblown heat transfer data were made with 
various constant values of Pr,, and with the 
expression, proposed by Simpson for the outer 
region, Pr, = 0.95 - 0.45(y/6)‘, and which lies 
within the uncertainty envelope across the 
entire layer [ll]. Comparisons with the in- 
compressible heat transfer data of Reynolds, 
Kays and Kline [27] are shown in Fig. lb. A 
value of Pr, = 0.9 gives good agreement with 
the data; higher values, including Simpson’s 
relation, underpredict the heat transfer rate. 

The only experimental data for the turbulent 
Schmidt number measured in an actual 
boundary layer flow were reported recently by 
Dunbar and Squire [28]. Although the results 
showed some dependence on both shear stress 
and blowing rate, a constant value of SC, = 0.8 
gave reasonable agreement with the data in the 
fully turbulent inner region. Further, a value of 
SC, = 1-O showed poor agreement with the data. 
Measurements of SC, made in the core of turbu- 
lent tube flow show considerable disagreement 
[29, 303, nevertheless a value of SC, = 0.8 is not 
inconsistent with the data. In our calculations 
of foreign gas injection there proves to be a ten 
fold variation in the molecular Schmidt num- 

ber; the inability of the available data to reliably 
indicate a dependence of SC, on its molecular 
counterpart is unfortunate, for such a depend- 
ence must be expected. The corresponding 
dilemma for Pr, is of less consequence since the 
range of molecular Prandtl numbers en- 
countered is comparatively small. 

Selection cf the eddy d#usivity model 
For constant property flow, calculations were 

carried out with each of the tM models described 
above, at blowing rates chosen to facilitate 
comparison with the experimental shear stress 
data of Simpson et al. [8], and the heat transfer 
data of Moffat and Kays [IO]. A detailed 
evaluation of the models may be found in [l 11, 
where it is shown that the Cebeci model 
probably gives best overall agreement with 
experiment (with the modification that K = 
0.435 rather than K = 0.4 as recommended by 
Cebeci). The Patankar-Spalding model over- 
estimated the reduction in shear at high blowing 
rates due to excessive damping near the wall 
(y’ < IO), as could be seen from the associated 
c, profiles. Since all the models are essentially 
empirical, this suggests that improved agree- 
ment may be obtained by adjusting the degree of 
damping. The Cebeci model is convenient for 
this purpose; equation (20) rearranged is 

DF = 1 - exp - $ (exp 0: )y,+‘* 1 (23) 

which clearly shows the role played by the 
choice of a value for y.’ in determining the 
degree of damping. Further calculations were 
performed in which y,‘, now viewed simply as 
an empirical constant, was varied parametric- 
ally; the results are shown in Figs. 2a and 2b. 
A value of y,’ = 10 was chosen as giving best 
agreement with experiment. The relations 
chosen for parametric calculations of com- 
pressible boundary layers with foreign gas 
injection were therefore 
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0 - Simpson [k?] 

A - McQurid [9] 

l - Simpson data nmdified by Squire [31] 

A - McPuaid data modified by Squire 

--- Kendall [32] 

[311 

0 ,002 ,004 ,006 ,008 ,010 

F 

FIG. 2a. Skin friction coefficient: comparison of predictions 
for various exponents in the damping factor model with 

constant property blown data. Re,, = 106; K = 0.435. 

.0020 

.0018 

.0016 

.0014 

.0012 

.OOlO 

.0008 

.0006 

.0004 

.0002 

0 - Moffat and Kays [lOJ 

0 
0 , 1 8 I I 

0 ,002 .004 -006 ,008 .OlO 

+ 
Y.3 

0 

0 

FIG. 2b. Heat transfer Stanton number: comparison of 
predictions for various exponents in the damping factor 
model with constant property data of Moffat and Kays [IO]. 

Re,x = 106; K = 0.435; Pr, = 0.9. 
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Pefflinner = p + p(O.435y)Z 

i [ 
- $ (exp 21:)~ 

11 

2 

1 - exp 

R. LANDIS and A. F. MILLS 

du 

dy 
(24) 

+ pi~~[l - exp( -~)I~~~ (2.5) 

SC, = O-8; Pr, = 0.9. (26) 

RESULTS AND DISCUSSION 

Flows culculute~ 
The llows calculated were as follows. For 

zero Mach number the injectants were H,, He, 
CH,, HzO, CO, Air, CO,, Freon 12, Xe and 
Ccl,, with TJT, = 0.2 and 0.9. Calculations 
were also made for synthetic injectants fabri- 
cated from CCI, and Freon 12 by setting, in turn, 
their Lennard-Jones parameters, and specific 
heats equal to those of Xe. The effects of the 
various problem parameters were studied for 
He, Air and Xe, (i) in order to study the effect 
of temperature ratio additional results were 
obtained for T,/T, = 2.0, (ii) the effect of tempera- 
ture level was evaluated by obtaining KjT, = 09 
as both 295 Kj324K and 1325 K/1472 K, 
(iii) the effect of Mach number was obtained 

with data at M = 2.0 and 6 for T,jT, = 2.0. 
(iv) the performance of the Patankar-Spalding 
model was evaluated at TJT, = 0.2, 1M = 0, 
and (v) all the above cases were calculated up to 
Rex = 106; the effect of Reynolds number was 
obtained at T,iT, = O-2, M = 0 by calculating 
as far as Re, = IO’. Finally, the effect of a 
self-similar injection distribution was studied 
for air at T,/T, = 02, iM = 0, with ri? a x-“~, 
For all cases calculations were made at four or 
more injection rates; in all over 200 marching 
calculations were made. Complete tabulations of 

Reti C,/2, St,, St, *i.* Pi SC, and Pr, may be 
found in [I 11. 

Zero mass injection results 
Data for C//2, St,,, and St,, are conveniently 

presented normalized by corresponding un- 
blown values. In order to recover actual values, 
values for the zero injection case must be 
available. In practice such data may be obtained 
from standard correlations; however, to enable 
recovery of the exact data calculated in the 
present study, we present our unblown results. 
Figures 3a, b and c show, respectively, CJj2, 
St;T, and St: as a function of Rex for the tempera- 
ture ratios and Mach numbers considered. 
In addition, Fig. 4 shows the Reynolds analogy 
factor for mass transfer, 2StzjC$ as a function 

FIG. 3a. Zero mass injection skin friction coefficient as a function of 
Reynolds number: effect of temperature ratio and Mach number. 
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.ow5 I * . ..I I 1 I I.n.nI 

0 5X105 106 5x106 101 

9 

FIG. 3b. Zero mass injection heat transfer Stanton number as a function of 
Reynoks number: effect of temperature ratio. 

.OOBr 

.005 - 

.004 - 

.003 - 

Air 

--- Xe 

.0w5 I 
5x105 106 5x106 10' 

% 

FIG. 3c. Zero mass injection mass transfer Stanton number as a function of 
Reynolds number: effect of temperature ratio for He, Air and Xe. 

of Schmidt number; also in Fig. 4 are shown 
results for the often used unity turbulent Schmidt 
number. The essential features of the unblown 
model, namely K = 0.435, the van Driest 
damping factor, and Pr, = 09 have seen wide 
use for compressible turbulent boundary layers. 
We are not concerned here with a detailed 
evaluation of validity over the range of tempera- 
ture ratio and Mach number, studies such as 

those of [33-353, indicate that our predictions 
of CT/2 and St,* will compare satisfactorily 
with experimental data Other workers un- 
doubtedly prefer slightly different models and, 
with the current availability of turbulent bound- 
ary layer computer programs, will choose to 
calculate their own unblown data. 

Features of the unblown data of relevance to 
the results for foreign gas injection are as 
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FIG. 4. Zero mass injection Reynolds analogy factor for mass transfer 
as a function of molecular Schmidt number. (The species associated 
with each data point may be determined using the values of SC in 

Table 1.) 

follows. For the range of temperature ratios 
under consideration, the dependence of C,*j2 
and Se on TJT, is described by 

C)ij2 a (c/T,)-“, O-24 < n < 0.42 (27) 

St: a (TJTJ”, 0.17 < n < 0.36. (28) 

For AI = 0, the Reynolds analogy factor for 
mass transfer is adequately correlated as 

ZS$jC,* = SC-n, n = 0.28 for lJT, = O-2 

= 0.36 for TJT, = 0.9. (29) 

Effect of injected species 
Figures 5a, b and c show, respectively, the 

skin friction coeffrcienf the mass transfer 
Stanton number, and the heat transfer Stanton 
number, each normalized by their respective 
unblown values, at zero Mach number for “cold 
wall” conditions, T,/‘T, = 0.2. Figures 6a, b and c 
show corresponding plots for T,/T, = 0.9. The 
main features of these results may be explained 

in a manner similar to which characteristics of 
binary laminar boundary layers were assessed 
in [3&38]. 

_ _ 

The general manner in which injection of a 
like species into a boundary layer (e.g. air into 
air) reduces skin friction is clearly shown by 
constant property solutions. Foreign gas injec- 
tion yields reductions different to those obtained 
for like species injection resulting from the 
effects of composition on mixture transport 
and thermodynamic properties. Despite the 
complex coupling of the conservation equations 
due to property variations, it is possible to 
identify primary effects and thereby explain the 
trends exhibited by the data Physical property 
variations influence the momentum equation 
only through the product pperr (or equivalently 
C,, = P~J~,~,) as can be seen upon examina- 
tion of equation (9). The same observation 
applies to laminar boundary layers, as can be 
easily seen from the conventional transformed 
momentum equation, e.g. Lees [39]. The effect 
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of foreign gas injection is quite similar to the 
effect of change in wall temperature on an 
unblown compressible boundary layer. Density 
is directly proportional to molecular weight; 
molecular viscosity tends to increase weakly, 
but very irregularly, with molecular weight, as 
can be seen from the data in Table 1. However 
the turbulent contribution to Barr is proportional 
to local density so that the product pperr will 
depend very regularly on molecular weight in 
the logarithmic region of the law of the wall. 
Since it is this region which mostly determines 
the wall shear stress, C,/2 should be expected 
to be a regular function of molecular weight. 
Figures 5a and 6a show that, except for the very 
heavy injectants, the effectiveness does indeed 
vary regularly with molecular weight. The 
heavy species Freon 12, Xe and Ccl, have 
relatively close molecular weights; as we shall 
demonstrate later when we discuss the results 
for the synthetic injectants, the anomalous 
behavior for the heavy injectants is due to large 
differences in specific heats and molecular 
viscosities. In comparison with laminar bound- 
ary layers, the effectiveness is more strongly 
dependent on molecular weight. The above 
mentioned analogy with the response of an 
unblown boundary layer to changes in wall 
temperature confirms that this feature is not 
unexpected. In the previous section we showed, 
for a turbulent air boundary layer, that CT/2 cc 
(T,jT,)-“.3 approximately; for a laminar air 
boundary layer it is well known that 
C,*i2 a C,“;:. s, i.e. approximately proportional 
to (TJT,)_ . ’ Ozs The stronger dependence on 
(K/T,) for the turbulent case is due to the more 
important role played by density variations, and 
immediately suggests a stronger dependence on 
injectant molecular weight for foreign gas 
injection. 

Turning now to the mass transfer Stanton 
number, the trends shown by the results in 
Figs. 5b and 6b are most easily explained via 
the Reynolds analogy factor and the already 
described skin friction behavior. The effective 
Schmidt number is a measure of the relative 

rates of momentum and species transport. Since 
the results are normalized with St;, we are 
interested in how Sc,rr varies as the foreign gas 
is injected. Not too far from the wall SC,~~ 
becomes equal to SC, = 0.8; but the major 
resistance to mass transfer is near the wall where 
the molecular Schmidt number plays an import- 
ant role. Thus the main features of Figs. 5b and 
6b can be explained in terms of the effect of 
properties on SC = p/p9 1 *. The binary diffusion 
coefficient is composition independent; with 
increasing injectant molecular weight SC de- 
creases through p, with a weak and irregular 
counteracting trend through F However, 
account must be taken of the fact that mixture 
thermodynamic properties vary with the mass 
fractions of the components, whereas mixture 
transport properties vary with mole fractions. 
For a given mass injection rate the wall mole 
fraction xi ,s is typically much larger for a light 
injectant than for a heavy one. Thus the viscosity 
of a light injectant will have a greater effect on 
SC than will a heavy one. The primary Ceff effect 
identified for skin friction is strongly augmented 
by a SC,“ effect, which is mostly a density effect. 
Figures 5b and 6b confirm this assessment: not 
only is St&c more strongly dependent on 
injectant molecular weight than is C,jC,*: for 
the three heaviest injectants, Freon 12, Xe and 
Ccl,, St,,&; increases above unity, and very 
high blowing rates are required to obtain a 
reduction below unity. Discussion of the anom- 
alous behavior for Freon 12 will be deferred 
until the results for synthetic injectants are 
introduced. For laminar boundary layers these 
increases in the mass transfer Stanton number 
for heavy iniectants are not obtained [38], 
which emphasizes the important effect of density 
variation through Cerr. 

With regards to heat transfer, the trends 
shown by the results in Figs. 5c and 6c are also 
best explained via the Reynolds analogy factor 
and the already described skin friction behavior. 
The effective Prandtl number is a measure of the 
relative rates of momentum and energy 
transport. Away from the wall Preff becomes 
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heat transfer is near the wall where molecular 
Prandtl number plays a dominant role. Thus 
the main features of the figures can be explained 
by the effect of properties on Pr = Cyjk. Both 
k and Cp decrease with increasing molecular 
weight, but C, more strongly so; in addition C, 
increases with the complexity of the molecule. 
The weak and irregular increase of p with 
molecular weight has rather less effect on Pr. 
The transport property k plays a more important 
role for light injectants owing to the large 
values of x~.~ which typically prevail. Thus the 
effect of Pr,, is to augment the primary Ceff 
effect, but not as strongly as was the case for Sceff . 
The results in Figs. SC and 6c confirm this line 
of reasoning. Again there is anomalous behavior 
for the heavy injectants, which will be discussed 
later. The initial increase in St,, for H,, and the 
inflection in the He curve, are due to the high 
thermal conductivity of these light injectants, 
a feature first noted by Rubesin and Pappas [4]. 
At low blowing rates the mixture conductivity 
near the wall increases more rapidly than the 
specific heat because of the characteristically 
large value of the mole fraction xies for light 
injectants; an increase in heat transfer results. 
At high blowing rates the effects of C, and Ceff, 
which are both dependent on mass fraction, 
dominate to yield the large reductions in heat 
transfer typical of light gas injection. The 
inflection in the He curve is less pronounced 
than that found for laminar flow [38], again 
emphasizing the important effect of density 
variation through Cefp 

In order to clarify the anomalous behavior 
for the heavy injectants Freon 12, Xe and Ccl,, 
calculations were made for synthetic injectants 
fabricated from Ccl, and Freon 12 by setting, 
in turn, their Lennard-Jones parameters and 
specific heats equal to those for Xe. Since the 
molecular weights of Freon I2 and Ccl, are 
close to the values for Xe, equating Lennard- 
Jones parameters leads to almost identical 
species viscosities. The results are shown in 
Figs. 5 and 6; WC offer the following observations, 

(i) Figure 6a: for a nearly isothermal boundary 

ci 

layer (Td”T, = 0.9), changing C, for CC& has 
negligible effect on C,jC$ but giving Ccl., the 
viscosity of Xe moves C#$ to be a little 
higher than the Xe curve, consistent with the 
remaining molecular weight effect. 

(ii) Figure 5a: for cold wall conditions (T,i?“, = 
O-2), changing the viscosity of Ccl, to that of 
Xe again significantly increases C&f, but 
away from the Xe curve. Changing C, dramatic- 
ally decreases C&‘,*. The lower specific heat 
corresponding to Xe causes higher temperatures 
through the boundary layer; the lower density 
and associated poorer turbulent transport result 
in decreased skin friction. On changing both 
p and C, C,,C; moves to be a little higher 
than the Xe curve, again consistent with the 
remaining molecular weight effect. 

(iii) Figure 6b: changing the viscosity of 
Freon 12 lowers the value of St,,,jSt~ to be about 
equal to that for Xe. Thus the anomalous mass 
transfer behavior of Freon 12 is essentially due 
to its viscosity. 

(iv) Figure 6c: for a nearly isothermal bound- 
ary layer, changing the Lennard-Jones para- 
meters for Ccl, moves St,jSt$ upwards, closer 
to the Xe curve; however the effect of the higher 
Cp of Ccl, remains. Ic in addition, C, is changed, 
then St,,iSt~ assumes values consistent with the 
remaining molecular weight effect. 

(v) Figure 5~: for cold wall conditions, 
decreasing C, of CC& to the value for Xe, 
lowers the value of St,,&,*, a phenomenon 
which could never occur for a laminar boundary 
layer. The direct effect of C, is through the 
Prandtl number, a lower value of C,, lowers Pr 
and hence increases the Reynolds analogy 
factor. But we see here that the opposing effect 
of a lower Cp in increasing temperature and 
density in the boundary layer, decreases the 
turbulent transport sufficient to outweigh the 
direct C, effect. 

E&et of temperature ratio 

Figures 7a, b and c show the effects of T/T, on, 
respectively, C,j2, St,,, and St, The abscissas 
are the conventions blowing parameters, 
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FIG. 9. Effect of Reynolds number and injection distribution on skin friction reduction 
M = 0. T,/T, = 0.2. 

respectively, B,, B,,, and B,. Before discussing 
the trends displayed in Figs. 7, it will be instruc- 
tive to consider in detail the significance of the 
use of say, B,, as an appropriate abscissa. Recall 
that in Fig. 5a, the value of Cf/2 used to form 
B, = 2F/CT was the same for all injectants, 
since T,/T,, 144 and Re, were fixed; thus the 
abscissa was simply a constant times ti, and 
features of the curves were explained in terms of 
expected effects for a given mass injection rate. 
More generally, scaling F with C;-*/2 will, for a 
self-similar flow, eliminate the effect of Re,. For 
laminar self-similar flows this objective is often 
attained by using, as abscissa, the dimensionless 
stream function -,f, which is already scaled by 
the appropriate Reynolds number function [38]. 
For flat plate turbulent flows an injection 
distribution ti cc x-0.2 yields an essentially 
self-similar flow, and a scaling of F with CT/2, 
which contains the appropriate Reynolds num- 
ber function Re; o’2, completely eliminates the 
Rex dependence. For constant ti the flow is 
nonsimilar and, as is shown in Fig. 9, a small 
residual Rex effect remains. 

In Fig. 7a, CT/2 differs for the solid curves 

because of differing wall temperatures; Rex is 
the same for each curve. Thus the curves do not 
collapse onto each other, and also the abscissa 
is no longer only proportional to fi. Figure 8 
shows C,/C; plotted against simply F = rk/p,u, 
which, for fixed free stream conditions, is a 
constant times k. When plotted in this manner 
the trends shown by the results are easy to 
explain. Equation (27) shows that CT/2 is 
approximately proportional to (T,/T,)- o.3, i.e. 
increased wall temperatures lead to lower 
values of Cf*j2, primarily due to the reduced 
density. Normalization with the unblown value 
does not completely remove the effect of (q/T,) 
from C,./Cf* due to the distortion of the Ceff 
profile by mass transfer; the flattening of the 
temperature profile near the wall extends the 
influence of the wall temperature further into 
the boundary layer. By this reasoning C,/C,* 
should decrease with increasing wall tempera- 
ture, as is borne out by the curves in Fig. 8. 
Returning now to Fig. 7a, the objective behind 
using B, is twofold, (i) to have the results in a 
more convenient form for engineering calcula- 
tions, and (ii) to attempt to further reduce the 
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effect of the problem parameter TJT,. By scaling Figures 7a, b and c also show the effect of 
F with 2/C; we are using C’J a second time (the temperature level since calculations at T,/T, = 
first was to normalize C,X now to attempt O-9 were made for both 295 K/324 K and 
removal of the residual effect of TsjT, due to I325 K/1472 K. The effect is clearly very small. 
distortion of the C,, profile. Such a scaling The normalization with the zero blowing value 
must always tend to move the curves towards and the scaling in the biowing parameter is quite 
each other, but over-corrections and non- successful in eliminating the temperature levet 
monotonic behavior can result. Figure 7a shows dependence introduced by variable species 
such over-corrections for air and Xe, and a specific heats and the Lennard-Jones potential 
somewhat irregular behavior for He. model. 

Similar arguments to those made above for 
skin friction can be made with regards to the 
mass and heat transfer Stanton numbers. Thus 
the nonmonotonic behavior of the air results 
in Figs. 7b and c is not unexpected, and also 
shows that the scaling of F for these cases is 
reasonably appropriate. Of particular interest 
is the gross over-correction for Xe injection in all 
of Figs. 7a, b and c. Jeromin [I] presents 
experimental data for heavy gas injection 
(Freon 12) in the form of plots similar to Figs. 7a 
and c, but failed to attempt an isolation of 
temperature ratio as a parameter; thereby 
diminishing the value of the plots. 

Effect of Reynolds number and injection distri- 
bution 

In Fig. 9 is shown the effect of Reynolds 
number on skin friction at M = 0, T,jT, = 0.2, 
for Re, = 106, lo7 and 108. The effect is seen 
to be small relative to the effects of the para- 
meters already discussed, and is negligible for 
practical purposes. Its source is the weakly 
nonsimilar blowing, as riz has been held constant 
independent of x. For a flat plate turbulent 
boundary layer an approximately self-similar 
flow is obtained for rit oc X-O-~; calculations 
performed for such a distribution indicate a 
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FIG. 10. Effect of eddy diffusivity model on heat transfer reduction. M = 0, T$q = 0.2. 
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complete elimination of the Reynolds number 
dependence. Our results contradict the pre- 
dictions of the analyses of Rubesin and Pappas 
[4], and Kendall [32], where a significant 

Rex effect was found for constant rit. We conclude 
that the Rex effect found by these latter analyses 
is an error due to the use of Couette forms of the 
conservation equations; our use of an exact 
solution procedure for the governing differential 
equations has avoided such an error. 

Associated with the effect of Reynolds number, 
is the effect of injectant distribution. As would 
be expected from the above discussion of the 
Rex effect, the calculations made for liz oc x-“.’ 
yield curves of C,jCT, St,jSt*, and St,jSg which 
are very little different to those for rit = constant. 
Thus for engineering purposes no distinction 
need be made between constant blowing and 
self-similar blowing. 

E@xt qf‘t~r~u~e~t transport models 
Figure 10 shows, for heat transfer, the effect 

of inner region eddy diffusivity model with He, 
Air and Xe injection at M = 0, T,jT, = 0.2. 

These results are included to demonstrate that 
the normalized form St,jSt: when plotted 
against Bt, is relatively insensitive to the choice 
of inner region eddy diffusivity model. The most 
significant discrepancy is seen for He injection, 
and is due to the sensitivity of the damping factor 
to density variations. For the skin friction 
coefficient and mass transfer Stanton number, 
similar conclusions may be drawn [I 11. Thus 
the discrepancies between the predictions of the 
Patankar-Spalding model, and the model we 
have used are small enough to be of no conse- 
quence to our discussions of the effects of 
foreign gas injection. 

Comparisons with experimwt $3 low speed jlow 
Figures 11 and 12 show comparisons of the 

M = 0, TJT, = O-9 predictions with experi- 
mental data, for He and Freon 12 injection into 
low speed air flow. Detaiis of the experimental 
studies have been compiled by Jeromin [I] ; 
the parameters T,jT,, Re, and M do vary some- 
what, but not sufficiently to affect our 
conclusions. All the available data for skin 

FIG. 1 I. Comparison of predicted skin friction with experimental data for low speed flows. 
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FIG. 12. Comparison of predicted heat transfer with experimental data for 
low speed flows. 

friction are shown in Fig. 11; the predictions 
agree well with Pappas and Okuno [40], but 
fall below Romanenko and K harchenko [41]. 
Also of interest is the prediction for He injection 
of Rubesin and Pappas [4], since their curve lies 
above the experimental data. Rubesin and 
Pappas evaluated the integrals in their equations 
(67) and (76) by approximate analysis; using 
exact numerical quadrature we obtained lower 
values of C&T, as shown in Fig. 11. This 
relative insensitivity of the Rubesin-Pappas 
model to density variations is due mostly to 
injection increasing the thickness of the laminar 
sub-layer. 

In Fig. 12 we have not shown the heat transfer 
data of Romanenko and Kharchenko [41], 
since we are unclear as to the correct interpreta- 
tion of their blowing parameter (see also Tewfik 
[42]). The predictions of St,jSt;t agree well with 
the data of Pappas and Okuno [43], but are 
somewhat low for He. In summary, the com- 
parisons with experiment are satisfactory, 
though there is perhaps a tendency to under- 
predict both skin friction and heat transfer for 
He injection. 

effect of‘ Mach number 
Figure 13 shows the predicted effect of Mach 

number on skin friction at T,/T, = 2.0. The 
abscissa in Fig. 13 is the conventional B, = 
2ri2/p,ueC/*, but for the parameter values under 
consideration, the behavior of the predictions 
is most easily explained if an abscissa propor- 
tional only to ti is chosen. Such a graph was 
found to show no effect of M for air injection, 
while C# increased with M for the injection 
and decreased for Xe injection. Clearly, for air 
injection, the large effect of 1M on C, shown in 
Fig. 3a is removed by normalization with CT. 
Based on the above observation the effects of 
foreign gas injection are easy to explain. 
Injection of the He lowers perr and hence also 
viscous dissipation. Thus, compared to air 
injection, temperatures are lower and the 
counteracting increase of (p&r, through the 
temperature dependence of p, increases the 
skin friction. Reasoning along the same lines 
for Xe indicates a decrease in C,jC,* with 
increasing 1M for Xe. 

In Fig. 14 predictions of skin friction for air 
injection are compared with the experimental 
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data bands presented by Jeromin [l]. The large 
increase in Cl,C$ with increasing M shown by 
the experimental data (in contrast to the de- 
crease in Fig. 13) proves to be primarily an effect 
of TJT,. An examination of the original data 
sources indicated that for iM = 0 a value of 
TJT, s 0.9 is typical; for M = 2, q/T, z 2.0; 
while for &f = 6, T,/T, might lie between 45 and 
the adiabatic wall value. Figure 14 shows that, 
when appropriate temperature ratios are used, 
the predicted effect of Mach number is con- 
sistent with experiment. The discrepancy at 
iM = 0 is due to Jeromin’s reliance on the data 
of McQuaid (see Fig. 2a). In evaluating the 
adequacy of the predictions at M = 6 it should 
be noted that there is considerable scatter in 
Danberg’s iM = 6 data [44]; measurements of 
C,jC’J varied from 0.5 to 0.8 at the same value 
of B,.t In many high Mach number engineering 
problems, e.g ablative and transpiration cooling, 
the wall is relatively cool: our results demon- 
strate the importance of correctly accounting 
for the parameter TJT, and the utility of our 
finite difference calculation procedure for this 
purpose. 

CONCLUSIONS 

An efficient finite difference procedure has 
been developed to calculate compressible 
turbulent boundary layers on flat plate with 
foreign gas injection. 
An eddy diffusivity model has been estab- 
lished which adequately predicts skin friction 
and heat transfer for constant property air 
into air injection. 
Predictions of skin friction and heat transfer 
for foreign gas injection into low speed flows 
agree satisfactorily with experiment. The 
mass and heat transfer Stanton numbers for 
the heaviest injectants are found to actually 
initially increase with injection rate. The 
critical role played by density variations 

t We are grateful to an anonymous reviewer for assist- 
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across the boundary layer is clearly shown 
and explained. 
The effects of temperature ratio on blown 
flows can be readily explained in terms of the 
well established behavior of unblown flows. 
The predicted effect of Mach number on skin 
friction agrees satisfactorily with experiment 
provided the effect of temperature ratio on 
the data is recognized and accounted for. 
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CALCULATION OF BOUNDARY LAYERS 

CALCUL DE COUCHES LIMITES TURBULENTES AVEC INJECTION 
DE GAZ ETRANGER 

RCum& On a obtenu des solutions numtriques pour des couches limites turbulentes compressibles 
d’air sur une plaque plane avec injection de gaz &ranger en faisant I’hypothk que I’tquation de quantitt 
de mouvement est couplte aux tquations des esptces et de I’tnergie seulement par les variations spatiales 
de la masse volumique moyenne et de la viscositt. La mtthode de calcul aux diffkrences linies comprend 
la transformation “w2” avec diffkrence centrale. Les espkes inject&es sont H,, He, CH4, H,O, CO. Air, 
CO,. Frton 12. Xe et Ccl,: les rapports de tempkrature TJT, varient entre 0,2 et 2 tandis que le domaine 
des nombres de Mach est compris entre 0 et 6. Les proprittks thermodynamiques sont estimtes en tenant 
compte de chaleurs sptciliques variables: pour les propriCtCs de transport on utilize la thtorie cinttique 
avec le potentiel de Lennard-Jones. On ignore la diffusion thermique et la conduction diffusionnelle. Des 
modkles de viscositk par turbulence pour la rtgion interne ont ktC tvalukes par comparaison avcc les 
rCsultats expkrimentaux relatifs aux Ccoulements so&l& g propri&C constante, et un “meilleur” modtle 
a &k selectionnk pour les calculs paramttriques. Les nombres de Schmidt et de Prandtl turbulents sont 
pris constants et valent respectivement 0.8 et 0,9. Les rksultats montrent le r8le important jouk par les 
variations de masse volumique dans la couche limit&: les nombres de Stanton de transfert massique et 
thermique pour les injectants les plus lourds augmentent avec l’injection. et on trouve que les injectants 
Ikgers sont plus effcaces dans la rtduction du frottement superliciel et du transfert thermique que ne 
I’indiquent les rtsultats expCrimentaux. L’accord avec I’exp&-ience pour des tcoulements g faible vitesse 
est gknkralement satisfaisant : de m&me I’innuence du nombre de Mach sur le frottement superficiel est en 

relation avec I’exptrience. 

DIE BERECHNUNG VON TURBULENTEN GRENZSCHICHTEN MIT 
FREMDGAS -EINBLASUNG 

Zusammenfassung-Es wurden numerische Liisungen ermittelt. fiir kompressible turbulente Grenz- 
schichten in Luft, an der ebenen Platte, mit Fremdgas-Einblasung. Dabei wurde vorausgesetzt, dass die 
lmpulsgleichung mit der Erhaltungsgleichung fiir die einzelnen Gaskomponenten und mit der Energie- 
gleichung nur iiber die rlumliche VerLnderung der gesamten Dichte und ViskositLt gekoppelt ist. In das 
Rechenverfahren mit l’miten Differenzen ist die “o ‘“-Transformation mit zentralen Differenzen ein- 
gearbeitet. Die eingeblasenen Gaskomponenten umfassen H,. He. CH,, H,O, Co, Luft. CO,. Freon 12. 
Xe und Ccl, : die Temperaturverh5ltnisse T,lT,, iiberstreichen den Bereich von 0.2 bis 2.0, die Mach- 
Zahlen den Hcrcich von 0 bis 6. Die thermodynamischen Eigenschaften werden so berechnet, dass variable 
spezifische WLrmen beriicksichtigt werden kiinnen. Fiir die Transporteigenschaften wurde die kinetische 
Theorie mit dem Lennard-Jones-Potential Tugrundegelegt. Thermodiffusion und Diffusionswlrmeleitung 
sind vernachl8ssigt. Modelle der 7uslt7lichen Viskosit5t fiir die innere Zone wurden durch Vergleich mit 
experimentellen Daten fiir Striimungen mit konstanten Eigenschaften ausgewertet : daraus wurde ein 
“bestes” Model fiir die Parameter-Berechnungen ausgew5hlt. Die Schmidt- und Prandtl-Zahlen fiir 
Turbulenz wurden als konstant angenommen, und zwar zu 0,s und 0,9. Die Ergebnisse zeigen den enormen 
Einfluss der DichteHnderung senkrecht zur Grenzschicht. Die Stanton-Zahlen fiir den Staff- und WLrme- 
iibergang steigen bei den schwersten eingeblasenen Gaskomponenten mit dem Einblasen. Bei den leichten 
Gaskomponenten wurde eine griissere Verringerung bei der Wandreibung und beim WIrmelbergang 
festgestellt als experimentelle Werte angeben. Die tibereinstimmung mit Experimenten ist fti langsame 
Geschwindigkeiten allgemein zufriedenstellend : ebenso ist der berechnete Einfluss der Mach-Zahl auf 

die Wandreibung in ubereinstimmung mit Experimenten. 

PAWET TYPBYJIEHTHbIX IIOI’PAHklYHbIX CJIOEB C BAYBOM 
I4HOPOfiHOI’O I’A3A 

1931 

AaaoTfequsr-nonyYeHbI YRCJIBHHbIe peIIIeHIIH RJIJI CiKIlMaeMblX Typ6yJICHTHbIX IIOrpa- 
HWIHbIX CJIOeB BO3Q’Xa C BnyBOM llHOPOnHOI’0 I”838 Ha IIJIOCKOti IlJI3CTElHe Ha OCHOBaHCIH 
I’WIIOTe3hI 0 TOM, qT0 YpaBHeHIle KOJIWIWTBa ABWKeHIUI CBRSaHO C ypaBHeHIN?M 3HepIWH 
TOJIbKO Wpe3 IIpOCTpaHCTBBHHbIe H3MeHeHIWI IlJIOTHOCTIl I4 BRBKOCTII. MeTOAHKa paWeTa B 
KOHeqHbIX PaSHOCTRX BKnIO43eT IIpeO6pa3OBaHkIe WJ2H C IIOMOqbIO UeHTpaJIbHbIX pa3HOCTett. 
BAyBanclcb ~oanyx, H,, He, CH4, H20,%0, COz, 4peoH -12, Xe li Ccl*. TemepaTypHbIe 
OTHOIIIeHnFl T,/T, Ko,n&iR.T7RCb OT 0,2 A0 2.0. TOI’n3 Kali :IIIR9f?HllR 4IIC:la Maxa I13Mt?HlLWiCh 
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OT 0 1x0 6. YYMTbIBaJIOCb I13MeHeHlle YneJfbHbIX TelIJlOeMKOCTe# ; RJIfl YYeTki CIiOkTfl Irf:~‘i’tfo~ 

UfOJIb3OBanaCb KHHeTH4eCKaH TeOpHE C nOTCHqManORI ,rleiIH3pAa-j[lmOIffa. ‘k!lf,70B3ff 

~IIf@~Y3HFf El @i#l~~3HOHHblik IIepeilOC BO BHUMaRMe He npMHkiMa;IHCb. Mofienrr T)‘p@JIeHTHO& 

BRBKOCTH AJIfS HHYTpeHHeii O&TIaCTil Of$eHMBaJItfCb IIyTeM Cp6iBHeHW C 3KCflt’~)tlMeHT~JfbH~~~Il 

ZaHHbIMH AJIH ffOTOKOB ?KtinfiKOCTLI C FlOCTOJIHHbIM~ CUOtiCTEiMiS it <~HaHJfiIq’Y’HetiD \IIOAeZIb$O, 

BbttjpaHHO& AJiIR IIapaMeTplfYeCKHX paCYeTOB. T)@yJIeHTHbie YtrCJla liIMMZT3 H npaH~TJIF? 

If~~H~Ma~~Cb nOCTO~HHbIM~, paBHblMki COOTReTCTBeHH0 @,8 I;I 0,9. ~e3~rJibT3T~ CltH)\eTe- 

zbcTq20T 0 sami pomf ~3~eHeH~~~ ~~JI~THO~T~~ noneperi 1~~~rr~3~~i~~~OrO t:,Tofx. ‘reff;ro-lit 

~~a~COO~MeHH~e YACJIa CTaHTOHa Ilpl4 EiQBe HaHFiOJfee TFfRWeJIbIX fLt:WR 33MeTHO ~~e~~~Y~~3a- 

IOTCR, a 5feI’KHe ra3bI C~OCO6CT~~~T ~,~eHbIUeH~I~ IIOBe~XKO~THOrO ‘PE)eHWf kl Tel~.~OO~MelIa 

CIlJIbHee, YeM 0 TOM I’OBOPRT 3K~nep~~~eHTa~bHbIe &aHHbre. ~OlGWkHO, YTO COOTBeT~T~~Ie C 

3KC~ep~MeHTa~bHbI~~ ~aHH~~~ &WI Ma~O~~~OpOCT~~~X n;OTOtfOB, f? OtkI(ek%, ~~O~~~eTBO- 

pHTeJIbB0, a paCYeTHOe ~~~1~H~ie YMCJIa Malta Hi nOBepX~O~THOt? Tpeme T;1K?Ke ~Or~~~yeTC~ 


